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measuring the saturation scale



Saturation Scale
What is “saturation”?

• High energy limit of QCD a topic of study for 
decades

• Experimental evidence for increase of parton 
densities at low x, plus unitarity, implies saturation of 
parton densities, particularly for gluons 
(recombination, self-screening, etc.)

• Color Glass Condensate - high energy effective field 
theory describing universal properties of saturated 
gluons in hadronic systems

CGC Review: F. Gelis, E. Iancu, J. Jalilian-Marian, R. Venugopalan, http://arxiv.org/abs/1002.0333

• The saturation scale is the gluon transverse momentum scale characterizing 
the degree to which saturation is occurring: saturation occurs first at low kT 

The Color Glass Condensate 5

x

xP
(x

)

H1PDF 2009
c )

Q2 = 10 GeV2
xuv

xdv

xS/20

xg /20

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

10
-4

10
-3

10
-2

10
-1

Figure 2: Left: the x-evolution of the gluon, sea quark, and valence quark distri-

butions for Q2 = 10 GeV2 measured at HERA (3). Right: the “phase–diagram”

for QCD evolution; each colored dot represents a parton with transverse area

δS⊥ ∼ 1/Q2 and longitudinal momentum k+ = xP+.

very suggestive (4), the dynamics of RFT is intrinsically non-perturbative and

therefore not easily amenable to systematic computations. With the advent of

high energy colliders, hadron structure in the Regge-Gribov limit can be explored

with Q2 ≥ 1 GeV2. As strikingly demonstrated by the HERA DIS data shown in

figure 2, the gluon distribution xG(x,Q2) in a proton rises very fast with decreas-

ing x at large, fixed Q2 – roughly, as a power x−λ with λ # 0.3. In the IMF frame

of the parton model, xG(x,Q2) is the number of gluons with a transverse area

δS⊥ ≥ 1/Q2 and a fraction k+/P+ ∼ x of the proton longitudinal momentum2.

In the Regge-Gribov limit, the rapid rise of the gluon distribution at small x is

given by the BFKL (Balitsky-Fadin-Kuraev-Lipatov) equation (5), which we will

discuss at some length later.

The stability of the theory formulated in the IMF requires that gluons have

a maximal occupation number of order 1/αs. This bound is saturated for gluon

modes with transverse momenta k⊥ ≤ Qs, where Qs(x) is a semi-hard scale,

the “saturation scale”, that grows as x decreases. In this novel “saturation”

regime of QCD (6), illustrated in figure 2 (right panel), the proton becomes a

dense many body system of gluons. In addition to the strong x dependence,

the saturation scale Qs has an A dependence because of the Lorentz contraction

of the nuclear parton density in the probe rest frame. The dynamics of gluons

in the saturation regime is non-perturbative as is typical of strongly correlated

systems. However, in a fundamental departure from RFT, this dynamics can be

2The light cone co-ordinates are defined as k± = (k0 ± k3)/
√
2.
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Saturation Scale
How to access saturation experimentally?

• Observable: pT broadening in semi-inclusive DIS:
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Saturation Scale
Why does it work?

• pT broadening is a boost-invariant way of sampling 
the (transverse) gluon density distribution

• pT broadening is proportional to the gluon density



Saturation Scale
pQCD view of pT broadening
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Transverse Momentum Dependent (TMD) quark distribution function in nucleus:

Zuo-tang Liang, Xin-Nian Wang, Jian Zhou, arXiv:0801.0434v2 [hep-ph], Phys. Rev. D77:125010, 2008
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Various approximations, and last step invokes dipole model, see paper
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Saturation Scale
pQCD view of pT broadening

Zuo-tang Liang, Xin-Nian Wang, Jian Zhou, arXiv:0801.0434v2 [hep-ph], Phys. Rev. D77:125010, 2008

• Transverse scale dependence of the transport parameter, the 
dipole cross section and the saturation scale in this calculation 
come from contributions of higher-twist nucleon gluon matrix 
elements

•  ➪ non-perturbative in nature

• At very short transverse distance scales, radiative corrections 
will become important at the leading twist and they will give 
rise to a transverse scale dependence of the transport 
parameter that is governed by the Dokshitzer- Gribov-Lipatov-
Altarelli-Parisi (DGLAP) evolution equations

hadrons

ph

parton

E
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Saturation Scale
dipole model view of pT broadening

B. Z. Kopeliovich, I. K. Potashnikova, Ivan Schmidt, arXiv:1001.4281v1 [hep-ph], Phys. Rev. C 81, 035204 (2010)
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small rT, Q~1/rT and C is the 
gluon distribution and 1/x = 2mNE r2T

saturation momentum scaleQ2
sat(b, E) = 2Cq(E, rT = 1/QqA)TA(b)

J. Dolejsi, J. Hufner and B. Z. Kopeliovich, Phys. Lett. B 312, 235 (1993)
M. B. Johnson, B. Z. Kopeliovich and A. V. Tarasov, Phys. Rev. C 63, 035203 (2001).
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Saturation Scale
dipole model view of pT broadening

Final result: saturation momentum in infinite 
momentum frame found to be equal to pT 
broadening in target rest frame:

B. Z. Kopeliovich, I. K. Potashnikova, Ivan Schmidt, arXiv:1001.4281v1 [hep-ph], Phys. Rev. C 81, 035204 (2010)

UV divergence: 
C(E, rT ) ∝ ln(1/rT ) at rT → 0

To repair divergence, choose:

r2T ∼ 1/∆p2T

Q̃2
gA.

With such an LP suppression factor and the same un-
integrated gluon density Eq. (30) we arrive at a new equa-
tion for gluon shadowing, alternative to Eq. (33),

Rg =
1

1 + neff

[
1 + neff (1 +Rgn0) e

−Rgn0

]
(38)

The results for Rg as function of nuclear thickness TA

at different energies is plotted in Fig. 2 by dashed
curves. The strength of suppression is rather similar to
what is presented by solid curves corresponding to the
parametrization Eq. (28), demonstrating a weak depen-
dence on the way of interpolating between saturated and
Bethe-Heitler regimes.

IV. SATURATION SCALE FROM DATA

Broadening of partons in nuclear matter has been stud-
ied in several experiments with different processes at dif-
ferent energies [25–30, 32, 33]. Here we overview the
results of these measurements.

A. Drell-Yan reaction

Radiation of prompt photons and dileptons should be
a sensitive probe for broadening of projectile quarks, as
was stressed in Sect. II B. While broadening of direct
photons is difficult to measure, since the small pT region
is overwhelmed by radiative hadronic decays, data for
heavy dileptons are available. Figure 4 shows the results
of the E772 and E866 fix target experiments at Fermilab
for broadening in Drell-Yan reaction at 800GeV.

To calculate broadening of heavy dileptons we used the
results of Sect. II B. The mean value of the fractional
light-cone momentum of detected dileptons in the E772
experiment was 〈x1〉 = 0.26 [34]. Accordingly, the coher-
ence length is sufficiently short to rely on the equation
(17).

Broadening for a Drell-Yan pair is factor z2 smaller
than that for the projectile quark which radiated the
heavy dilepton, where z is the fraction of the quark mo-
mentum carried by the dilepton. We use here the mean
value 〈z〉 = 0.9, as was evaluated in [35]. We calculated
the factor C(E) at the energy E = 〈x1〉s/2mN〈z〉.
The results for Drell-Yan reaction are shown in Fig. 4

by the bottom curve. Notice that our result for Drell-Yan
reaction is close to broadening calculated in [12], which
was about twice as big as the broadening previously ob-
served in the E772 experiment (closed squares in Fig. 4).
However, data from the E866 experiment (open squares
in Fig. 4) published later confirmed the predictions made
in [12].
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FIG. 4: Broadening in Drell-Yan reaction on different nuclei
as measured in the E772 (closed squares) [27] and E866 (open
squares) [28] experiments respectively. Broadening for J/Ψ
and Υ [25, 27] is shown by circles and triangles respectively.
The dashed and solid curves correspond to the predictions
without and with the corrections for gluon shadowing respec-
tively.

B. Heavy quarkonium production

We assume that the energy of the projectile gluon is
equal to the energy of the heavy quarkonium it produces,
i.e. Eg = x1 s/2mN , where x1 is the fractional light-cone
momentum of the quarkonium. Indeed, the fraction of
the gluon momentum carried by the quarkonium is model
dependent, and is either equal [36] or very close to one
[37].

Since broadening was measured for a large sample of
events, we rely on the mean values of x1, which were
in the E772 experiment, 〈x1〉 = 0.29 and 0.23 for J/Ψ
and Υ respectively [34]. At such energy of the gluon,
E = 〈x1〉s/2mN , gluon radiation occurs coherently, i.e.
the lifetime of the projectile gluon is sufficienly long to
propagate through the whole nucleus. However the co-
herence time for heavy quarkonium production is short,
i.e. the projectile gluon converts into the quarkonium
almost instantaneously. Therefore, we should rely on
Eq. (18), but using about half of the nuclear thickness,
like in the Drell-Yan case. However, heavy quarkonia
have a nonzero absorption cross section. This makes the
path length available for broadening a bit longer. Broad-
ening is proportional to the amount of nuclear matter
passed by the projectile gluon prior production of a heavy
quarkonium at the point with longitudinal coordinate z,

7

Agreement with high energy data is good 
(solid lines include gluon 
shadowing correction)

Q2
sat(b, E) = ∆p2T (b, E)
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Saturation Scale
experimental considerations

• Measure pT broadening of identified hadrons

• directly identified (RICH) or indirect (e.g., J/Ψ)

• Di-jet complication for x<0.1

• Need very good vertex resolution, good 
momentum resolution

• A broad program is possible given the above 
requirements



measuring quark energy loss



Quark Energy Loss

• Quark energy loss has been studied for more than two 
decades, ~few dozen papers

• loss from gluon radiation >> loss from elastic  scattering 
for cold matter

• high importance in RHI data; jet quenching a primary 
evidence for QGP

• vacuum energy loss >> medium-induced for cold matter

• energy independence connected to factorization in QCD



Quark Energy Loss
Characteristics in pQCD

• quadratic vs linear

• LPM (quadratic region)

• critical length, ~square root of E

• JLab/CLAS data suggest: ν~3 GeV,  LCritical = ~4-5 fm, < RPb

CriticalLL <

CriticalLL >
L

ΔE

LCritical

−dE

dx
∝ Lq̂

−dE

dx
∝

�
Eq̂



Quark Energy Loss
Experimental considerations

• Can perform direct measurement

• expect ~2-3 GeV of loss in Pb

• only feasible for lower energies, but ~model-independent

• can study the critical length and transition region, unfold 
from production length (effective quark lifetime)

• Can in principle infer from indirect measurement

• hadron attenuation vs. z (=Ehadron/ν) for high ν

• have to unfold dijets or measure with x>0.1

• model dependent, but simpler than for lower energies 
(minimal hadronization in medium)



determining the mechanisms of 
hadronization



Mechanisms of Hadronization

• Hadronization (quark fragmentation into hadrons) is a ubiquitous 
process in QCD

• Often said to be inaccessible experimentally

• Phenomenology constrained primarily by particle 
multiplicities, kinematic distributions

• Little-explored connection to confinement: 

• how do the flux tubes arise in hadron formation? takes longer or 
shorter to form flux tube than ‘fuzzy ball of gluons’?

Accardi, Arleo, Brooks, d'Enterria, Muccifora, Riv.Nuovo Cim.032:439­553,2010 [arXiv:0907.3534]
Majumder, van Leuween, arXiv:1002.2206



Mechanisms of Hadronization
Deep inelastic scattering - physical picture in vacuum

tp

production time tp - propagating quark

htf

formation time htf - dipole grows to hadron



Partonic multiple scattering: 
medium-stimulated
gluon emission, 
broadened pT 

Hadron forms outside 
the medium; or....

Mechanisms of Hadronization
Deep inelastic scattering - physical picture in cold medium



Hadron forms inside the medium; then also have
prehadron/hadron interaction

(In reality, hadron ‘formation’ starts immediately)

Amplitudes for hadronization inside 
and outside the medium can interfere

Mechanisms of Hadronization
Deep inelastic scattering - physical picture in cold medium



First fully quantum-mechanical calculation of in-medium hadronization

Perturbative fragmentation via the KPPS-Berger model (KPPS, Phys. Lett. 
B662:117-122, 2008, arXiv:0706.3059v1 [hep-ph]

Path-integral formulation of quantum mechanics (LCGF)

phases and interferences; all relevant timescales

includes the probability of prehadron production both inside and 
outside the medium

Inner/outer interference generates hadron ‘attenuation’: in-medium interactions 
affect overlap of dipole to pion wave function

B.Z. Kopeliovich, H.-J. Pirner, I.K. Potashnikova, Ivan Schmidt, A.V. Tarasov, O.O. Voskresenskaya, 
Phys. Rev. C78:055204,2008 arXiv:0809.4613v2 [hep-ph] 

Mechanisms of Hadronization
Examples of recent theory progress



Mass number (JLab/HERMES data shifted for better view)
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Mechanisms of Hadronization
Production length extraction
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Mechanisms of Hadronization
Production length extraction via geometrical effects



• Three-parameter geometric model:

• scale factor (proportional to transport coefficient)

• production time (distributed exponentially)

• effective absorption cross section

• Simultaneous fit of pT broadening and multiplicity ratio in the 
same 3-fold kinematic bin in Q2, ν, and z

• Realistic nuclear densities

• Path begins at point with probability proportional 
to density

• Part of path is quark, part of path is (pre-)hadron
23

Mechanisms of Hadronization
Production length extraction via geometrical model



Results from combined fit
3 parameter geometric model

various bins in Q2, ν, and z
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Conclusions from 3-parameter geometric 
model (exploratory study)

• Consistent with features of data

• Dependence of transport coefficient on z

• Range: 0.05 - 0.15 GeV2/fm

• Production length ~2 fm

• Effective cross section moderately larger than 
hadronic - energy loss mechanism visible (?)

26



Hadronic multiplicity ratio
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HERMES data for He, Ne, Kr, Xe: p+-, K+-, p, antiproton
pions act similarly, K+ vs. K-, proton vs. antiproton

(each 1-D plot is integrated over all other variables)

28



Di-hadron fragmentation function

A. Majumder, X-N Wang, arXiv:0806.2653v2 [nucl-th]
29
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JLab/CLAS 3-D preliminary data 
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Four out of ~50 plots!     K0, π-, π0, η, Λ underway30
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AT EIC/LHEC
Prediction of factorization breakdown at large xF:            
B.Z. Kopeliovich, J. Nemchik, I.K. Potashnikova, M.B. Johnson, and Ivan 
Schmidt, Phys. Rev. C72:054606, 2005.

10 z

R
h M

0

1
EIC/LHeC (educated guess)

HERMES 26 GeV, Xe

JLab 5 GeV, Pb

Authors explain a variety of data 
within same picture - suppression of 
particle production in dA, pA at 
large xF

Prediction of a suppression from 
nuclear targets that persists at high 
z, at arbitrarily high energies

Violates conventional wisdom that at 
high ν, ‘nuclear effects disappear’
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Mechanisms of Hadronization
What we can study at EIC

• At EIC, will have access to:

• energy dependence 

• high z

• heaviest nuclei

• baryon hadronization

• heavy quark hadronization mechanisms

• Need particle ID, good luminosity



Conclusions

• Three excellent experimental opportunities for the EIC in 
parton propagation physics:

• measuring the saturation scale in nuclei

• measuring quark energy loss

• determining the mechanisms of hadronization

• Clear experimental opportunities, high theoretical interest

• Exciting, fundamental physics with strong connections to 
high-energy QCD worldwide


